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[ INDEFINITE INTEGRATION |

EXERCISE - IV

Sol.1 j tan 26 .do

\/(cos2 6)3 + (sin2 9)3
| = J' sin 20 do
cos 20 \/3 +cos? 20
Letcos 20 =t

=_ J’L
tV3+1t2

1
Now let T =w

HINTS & SOLUTIONS

| = ICOS x(cos X — smxcosx)d
(cos X —sin® X)

1
:—I 1+cos2x (ZCOSZX—ZSinXCOSX)dX
4 €0S 2x
1 .
= —I 1+C082X (1+ cos 2x — sin2x) dx
4 COS 2X

1 1+ cost)2 1+cos2x ) .
= I - sin2x | dx
4 COS 2X C0S 2X

dt
put2x=t = dx:?

Sol.2
(X° +x+1) _ J' (1+cost) (@+cost)” _1(1+cost sint dt
cost 8\ cost
4
= x_(5+4x) 2dx cost=z = sintdt=-dz
«10[ 1 1 1
it s _ 1 ¢(1+cos®t+2cost 1tz
Xt x == j dt + = j dz
8 cost 8
> + 4 1 1
:I x®  x° dx :—J.(sect+cost+2)dt +-/mz+z+c
2 8 8
1 1
1+ —+—+
x* X 1 _ 1
:§ [¢n|sect +tant| +sint+ 2f] +§€n(cos t) +
1 1 ( 4 5 J cost+c
utl+ —4 + & =t —5 T |dx =—dt
p 4 x5 = x5 x 1 _ X 1.
=— /n(cos X + sin X) +—+—(sin 2x + cos 2x) + ¢
4 2 8
dt 1 1
= — 5 = — + = +
T D
TAT 5 dx
Sol4d |I= I—
5 xVx2 +2x -1
X
I = +C
X2 + X +1 Let z=x+ Yx?+2x-1
2x+2
2 dz= |1+ ——— |dx
€0S“ X
Sol.3 | = Imdx { 2\[X2+2X—1]
cos? X.Cos X [1 X+1 Jd
= _— = + — (00X
(cosx+sinx) /X2 o1
2
COS“ X.CO0S x(cosx sinx)
= dx [.2
I (cos X — sin2 X) dz = X“+2x-1+x+1 dx
\/x2 +2x-1
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l_J' 1 dz
“J 2241 (z+)

2(z+17)

:2I1f222

=2tan'z+c

=2tan” (x + Vx® +2x-1) +c¢

Sol5 I= j [(EJX+(EJX]dX (fn x)

x +b? cos? x

x +b* cos? x

a® sin®

Sol6 |I= J. > dx

a*sin

+ bz)(a2 sin® x + b? cos? X) dx

1 J(a2

T (@%+b?) (a* sin® x + b* cos? x)

a% sin? x + b* cos? x + a%b?

dx

T (@2 +b2) I

(a sin® x + b* cos? X)

dx
— = || dx+a%b? }
(a +b? )U J.a“sin2x+bzcoszx

1 2
C A [arane [ seeixox
(@ +b”) b* +a” tan“ x

: 1 a’b? _1[ a®tanx
> tan +c
(a® +b%) 4[bj2 b?
a —
a

dx
Sol.7 I:I 5

(x+\/x2—1j

putx + yx2-1 =t = [1+2—Xde:dt
2\/X2—1
x+\/x2—1 t dx

2 dx =dt = T2 . = dt
X-1 X< -1

\/ t—Xx

dt_ —— |dt
= [ Rt [

1 t2+1 1 1 1
= - - dt = ——-——-—|dt
I{tz 2t4] J.(tz 2t 2t4]
-—I— (lpdt 11l

T2t 648
2x°3
___X_—X2_13/2+C
A (¢~ 1)
Sol.8 I:I de
\/5|n(x+a)

sin(x —a)

= d
I Jsin(x +a)sin(x —a) X

_ J'sinxcosa—cosxsina dx

\/sin2 x —sin®a
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| INDEFINITE INTEGRATION

sinx dx . cosx dx
—sina I
\/sinzx—sinza \/sinzx—sinza
{ 2

h 2

| = cos af

_[ sinx dx
1= Jsin?x —sin?a

Letcosx=u = sinxdx =

sinx dx

‘[\/cos a—cos? x
—du

du u
=== =cos”
cos“a-u cosa
cos x dx

=cos™' (cos x sec a)
= | ————
x/sin2 x-sina

Letsinx=v = cos xdx =dv

dv 7 . 2
= _[—2 —,_ =(n (v+x/v -sin aj +cC
Vv -sin“a
=y i [ain? a2
=/n | sSINX+ysIN“x-sin“a | +c¢

| = cos acos™ (cos x sec a) —sin a

/n (sinx+x/sin2x—sin2 aj +C

Sol.10

cotx dx
(1-sinx) (secx+1)

Sol9 I=
cot x dx
(1-sinx) (1+cosx)
COS X

_ J’ 0052 X

sinx(1-sinx) (1+ cosx) dx

_ J. (1+sinx) dx

sinx(1+ cosx)

dx dx
sinx(1+ cosx) * (1+cosx)

X 2
[1+tan2 j
2

2tan 1+ tan® +1 tan? >
2 2 2

1+ tan2 X
2 dx

|
1+tan? X +1-tan? X
2 2

(1+ tan? X sec? X dx
2 2

:j +% J‘seczgdx

4tan5
2

X X
tan — =t sec? — dx=2dt
2 ' 7 2

1 1+12 X
= — dt +tan — +c
2.[( t J 2

—lént+ t2 +tan£+c
T2 4 2

—léntan£+ltan2£+tan£+c
T2 2 4 2 2

_ -—1/
I-Ism T x dx

put x=atan?6 = dx =2atan 0 sec?6 do

] atan® 0
= J. Sin" [——— (2atan 6 sec?0)d6
asec?0

= ZaI 0 (tan® sec? 0) do
[ —

2 2
~ 220 tan< 0 tan ede

—2aj

—abtan’6—a I (sec2 6-1)do

—abtan’0—atan0+ad+c

X
= (a + x) tan™ \/; —Jax +c
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1
== — f(x B D E

5 [ Vimtat ,[2()3dXZJ._2+ s _Lax

x“(x +1) X (x+1) (x+1)
1 2
=- { t\/fént—gj.\/fdt} J. )
xz(x+1)3

:_l{gtﬁfnt—itﬁ}.pc 5 5

213 9 :J'B(x+1)3+Dx (x+D+Ex?

xz(x+1)3

12, 1)¥? 1) 4, 1)¥?

:_E g(1+—2J Zn[l+—zj—6[1+—zj +C f(x) = B(x + 1)% + Dx?3(x + 1) + Ex?
X X X f(x) = (B + D)x® + (3B + D + E)x? + 3Bx + B

2 2
BECSRR RS [2_3 m (“%D
9x X

-+ f(x) is a quadratic function
~ fX)=(B3B+D+E)x*+3Bx+B

+
¢ - f0)=1 = B=1
Now f(x)=2(3B + D + E)x + 3B
. f(0)= 3B
Sol.12 1= [ — "= dx F(0)=3
x(1+ xe*)
putl+xe*=t = (xex+e)dx=dt 1+ x
Sol.14 f(x) =tan™" x + /n 1x
x+1)dx=—
_.[ dt f(X):l * 2
xe* t2 1 1
= —f'x) =
|_J' " ®)=7"
o t-nt?
1 ___A B,C -
-2 ~(t-0) T 1 T ¢ =_/n(L-x9)+c
|=A2 +Bt(t—1)+Ct—-1)
A=1 ;B:—1 ; CcC=-1 Sol 15 J- X+1
P N SRS
t-1 t t2 putx =t® = dx = 6t°dt
t-1 1 3 2.3
=/ih—+>+c (" + 2 (t° +1)
6t°dt=6| ——dt
t ot -[t3 (t? + 1) -[ (t? +1)
=/n xe’ + ! +cC t2
T 1+xe*  l+xe” _f( e 1) + 1)dt
Sol.13 J—(f(x)1)3 dx 3 gt dt
X< (X +
=6[(+Ddt - 6_[ jt2+1
J'A B C D E
= —+—2+ + 2+ 3 dx 4 2 d
X x% X+1 (x+1)% (x+1) PN LSS PN LI L
4 211
. J.Zf(—x)lzdx is a rational function q
X“(X
(x+1) put ?2+1=2z :>tdt:—Z
. IA=0&C=0 2
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Sol.16 | = J.

put

o

—-X —-X
t4 7-1 1 xe ".(1+x)e
- - - - - | = d
{4+tﬂ 3_[[ . jdz 6tan't+c -[{1+(x+1)e‘x}2 X
putl+(x+1l)e*=t = xe>dx=-—dt
t4+t_ B Now | = J'ﬂd $+I$
7 —-3z+3/nz-6tan't+c owl=-]"73 t=-] % 2
1
t4 ] :—!ént—¥+c
TH -3(E+1)+3/(1l+?)—-6tan"t+c
- 1

==In{1+(x+1)e}-

—+
where t = x¥6 1+(x+1)e”*

adx
cosec X — cot X sec X
X ™ Sol.18 I = I
sinE 0053E COSEC X +COtX 41+ 25ecx

I sec X
% —t = dx=2dt (cosecx+cot X) 1+ 2secx
_J- tanx.sec x i
dt - J' sint dt (secx +1) V1+2secx
sin t Veos” sin? tJcos®t Let1+2secx =t

cost=z>= sintdt=-2zdz

(use partial fractions)

B dt
'= I (t2 +1).t

Sol.17 I= j

B 4.[ zdz _ J' dz
(1—z4)z3 22(1—24)
dz Sol19 | = [ 220 —20%
:4I 2 5 7—-9sin2x
z°(z°-D(z°+)
_J- COSX —Sinx _dx
1 A . B . C 16 — 9(sinX + cos x)
2% (2% -1)(2% +1) 2221 22n Let sin x + cos x = t
I=A(z2+1) (22-1)+B z4(z2-1) + CZ%(z2 - 1) (cos x — sin x) dx = dt
A=-1; c=1/2 ; B=1/2
1 dz _fodx
— |- = Sol.20 | =
|—{ Z2 2,[2 1 ZJ.ZZ—J Isecx+cosecx
B _ [ sinxcosxdx 2sinxcosx +1-1
_ 4 » z = I - dx
=7 +2tan”z+ /n 741 +cC (S|nx+cosx) (sinx +cosx)
1 _ dx
A - 1+ /cosg T2 j(smx+cosx) ~ 2 J (sinx+cosx)
= +2tan-11/COS— —/n ———+cC
X 2 X dx
1/cosE 1—1/cos5 [smx cos X] — \/—J. 1
2 [ SinX + —— COSXJ
V2 V2
2
X< + X
X - 1)2 dx L (sin x — cos x) L cosec | x +— | dx
= — - - +—
(e + X+ ) 2 2\/5.[ 4
2
I—J. (x“ + x) dx =L sinx—cosx) 1 [an—cos(x+n/4)}
e {1+(x+1)e X} 2 22 sin (x + 1t/ 4)
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dx
Sol21 1= [ ———
sinXx +sec x
J~ dx _ [ 2cosx dx
=Y Ginx4+ 1 2 +sin 2x
COS X

_ [ (cosx+sinx)+(cosx —sinx)

2 +sin2x
_I COS X + SinX _[ COS X —Sinx
3—-(1-sin2x) 1+ (1+ sin2x)

sinX —cos x
.dx

SinX + cos X
= j - 2.dx+J - 5
3—(sinx —cosx) 1+ (sinx + cosx)

{ {

sinx—cos x=t sinx—cosx=t

Sol.22 | = j tan x.tan 2x tan 3x dx

tanx + tan 2x

tan (x + 2x) = 1-tanx tan2x

tanx + tan2x

tan 3x = 1-tanx tan2x

tan 3x — tan x tan 2x tan 3x = tan x + tan 2x
tan x tan 2x tan 3x = tan 3x — tan 2x — tan x
| = j (tan 3x —tan2x —tanx) dx

1 1
:§ énsec3x—§ /nsec2x—/nsecx+c

Sol.23

l__[ 3+4sinx +2cosXx dx
3 +2sinx +cos X

Let 3 + 4 sin x + 2 cos x
=A@ +2sinx+cosx)+B(2cosx—sinx)+C
3+4sinx+2cosx=3A+C+sinx(2A-B) +

cos x (A + 2B)
3A+C=3 ... 1)
2A-B=4 ... 2
A+2B=2 ... 3)

A=2 :B=0;C=-3

dx
l=2|dx -3 .
j I 3+2sinX +Ccosx

1+ tan? x/2)

:2x—3I dx

3(1+ tan? 1) +4tan >+ 4
2 2

_2X_3J' sec?x/2 dx
2tan2§+4tan§+1—tan25
2 2 2

3 2
:2X_EI sec“x/2 dx
tan2§+2tan§+1+1
2 2
3 2
:ZX_EI sec“x/2 dx

2
[tanx+1j +1
2
X
— =t dx = 2dt
5 = dx

2
| = 2x—3th2dt
(1+tant)” +1

=2x-3tan" (1 +tant) +c

=2x — 3 tan™’ (1+ tan gj +C

Sol.24 convertinto ex (f(x) + f ‘(x)) form

COos X
e0

(x sin3 x + cos X)
| = I 3 dx
sin“ x

I = .[ e®%% X(x sinx + cot x.cosec x) dx

€% X sin x dx + j e“%% X .cot x cosec x dx
—_— I
7 I

using by parts

| = — xecosx +I 1.e%%5* dx + %5 X(-cosec x)—J‘ ecos X

(-sin x) (— cosec x) dx
| = — xecosx +

.[ e S X dx — e°S X cosec x—_[ e®%s X dx

| = ecsx (—x —cosec x) + ¢

(ax? - b)dx

x\/czx2 —(ax2 +b)2

Sol.25 | = I

/2
:J- a-b/x 2dx
X
b b
ax+ — =t = a— "5 dx=dt
X X

ax+b/x}
— |+

—J‘L = sin™’ l+c = sin™ (
Ve? - ¢ ¢

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
1VRSNo. 0744-2439051, 0744-2439052, 0744-2439053, www.moationiitjee.com, email-info@motioniitj ee.com

MoTtion"

Nurturing potential through education




Page # 36

| INDEFINITE INTEGRATION

1-x? 1
Sol.26 1= | e + .dx
j [(1— x)\/l—x2 1- x)\/l—x2]

J' x| |1+X N 1 dx
1-X 1- x)\/l— X2
. 1
f(x) 00
- I—.én x dx
Sol.27 | (x2 132

use by parts

X 1 xdx
:Inxj o2 172 dx — J‘(;j o2 1)3/2}1X

X2—1=t2
xdx = tdt

X tdt 1 -1
— =  _|dx = |=-_2 o ———
I[(X2_1)3/2J - I t3 - t - X2_1

e I(xei_l]dx

-Inx

+sec'x+c
x2 -1

(1-sinx) (2 -sinx)
Sol.28 1= J. \/(1+sinx) 2 +sinx) ¥

COoS X 2 —sinXx
| = - - dx
1+sinx V2 +sinx

-8[ t2 dt
B (I N ()

3 01 1
=8 — dt
I {4 (t%2 -3) ’ 4(t% + 1)}

5] tzdf3 w2 tzdil

t-+3
t+\/§

_6
—2\/§€n

2 —sinx
Je=SnX 3
:\/5 ‘n \/Z—SinX +\/§ +2tan™’ V2 +sinx +C

2 +sinx

+2tan't+c

J2 —sinx — /6 + 3sinx
V2 —sinx + /6 + 3sinx

2 —sinXx
71 ——
+2t@an | {2 sinx | *C

=3 /n

4x® —7x* 1 8x3 —2x%2 1+ 4x -7

Sol.29 1= J' dx
x2(x2 + 1)2
‘I 4x3(x2 +1) + 4x(x2 +1) - 7(x% + 1)% +12x2 dx
- x2(x2 +1)?
x dx dx dx dx
=4 +4 -7 —=+12| ———
! -f x? +1 -f x(x2+1) -f x2 -[ (x2+1)2
%2
= 2 Z
[=2/n|x2+1|+2¢(n 21 + - + 121 Q)

dx
2-sinx _ | o 2(1-t%) Ilzj.ﬁ putx=tan 0= dx=sec?6do
putz—.—t = sinx="—">5" (x® +1)
+ sinx 1+t
_ 2
_8tdt |1_J.cos 0 do
= cos xdx = —(1 N t2)2
1+ cos 26 0 sin 26
= _[ -5 do=—- + +c
8t2 dt 2 4
Now, I=- I 5
(1+t2)2{1+2_2t2} _ltan_’lx*’lL'}'C
1+t ) 2 (x2+1) TG
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putl in equation (1)

6Xx
2.1

7
I:4an+;+6tan*1x+ +cC

Sol.30 I =

J'VZ—X—XZ d
x2 X

:,[lz 2 - x - x%dx
X

use by parts.

dx
= ,2_X_X2 J‘F_

2-X-X

-1

J~ -1-2x -1
5 2 » dx

2
dx dx
I2:J‘\/Z—x—xz =J.\/9 1V
22
(2X+1j
= sin™’ 3
Sol.31 Py
-
1 B-a) _
= ZM(x—a)glz .dx =dt
2dt = 2 X-pB
SOl__J.oc—B_ oa-B X—oc+c

_-1 2—1.[ dx _J’ dx
x V2-X=-Xx"73 Xy2 - x - x? V2 - x - x2
L I

dx

Sol.32 |= _[ 3. . 3_

C0oS” X —sin” X

dx
(cosx —sinx) (1 +sinx cosx)

dx

(cosx —sinx) [1 + sm22xj

+ sin 2x = (sin X + cos x)? — 1

(cosx —sinx) dx

(cosx —sinx)? {1 + %(sinx +CcosXx)? — ;}

J. (cosx —sinx) dx
2} 5C (sinx + cosx)? {1+ (sinx + cos x)*}

put sin x + cos x =t = (cos X — sin x) dx = dt

2-t2)+(@1+t%)
1=2] Q- tz)(t2+1) 3I 2 -t2)(1+t2) a

|:§I 5 Zj2 t?

\/§+t
J2 —t

2
—tan't + +cC

3 3 2\/_5n

2
Etan—1 (sin x + cos x)

V2 + (sinx + cos x)
J2 - (sinx + cos x)

1

+3\/§!én
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